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It is well known that layered solids can support dispersive, layer 
guided waves whose propagation characteristics are strongly dependent 
upon the material properties of the solids. Thus, accurate measurements 
of the propagation characteristics of guided waves can lead to the deve-
lopment of excellent nondestructive evaluation tools for coated solids, 
cOMposite laminates and other electronic as well as structural materials 
which are being used with increasing frequency in Modern engineering 
applications. Two recently developed experimental arrangements [1,2] 
which provide the Means for such measurements are sketched in Figure 1. 
In the arrangement shown in Figure la, the platelike specimen is fully 
immersed in a fluid, while in that shown in Figure Ib, the fluid is pre-
sent on only one side of the specimen. In both cases, a beam of acoustic 
waves is launched at a specific angle of incidence and the reflected 
acoustic field is recorded by a symmetrically placed second transducer. 
The recorded signals in both experiments consist of the spatially 
reflected waves and for sufficiently large angles of incidence, leaky 
waves radiated by the layer guided waves in the solid. After appropriate 
signal processing to remove the noise and Fourier analysis, the spectrum 
of the total reflected field is obtained. A typical spectrum for a 1.57 
mm thick Aluminum plate fully iMmersed in water is shown in Figure 2a, 
for an incident angle 9 = 20°. The caracteristic holes in the spectrum 
occur at frequencies fj for which the phase velocity, v, of the Lamb 
waves in the plate is given by 
(1) 
where Vo is the sound wave speed in water. In the present case, 
v ~ 4.4 mm/~sec (2) 
r ~ 1.4, 2.8, 4.2, 5.6, 7.0 MHz. 
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Figure 2. Theoretical and experimental LLW response 
of an Al plate inunersed in water. 
Thus. a total of five Lamb wave modes were generated in the experiment 
and the phase velocity of each mode was 4.4 am/~sec at the above fre-
quencies. It can be seen that a set of dispersion curves can be obtained 
by varying the angle of incidence 9. in the range of phase velocity. 
v > Vo and in the desired range of frequencies (usually 1-10 MHz). 
In order to give proper interpretation of the data. it is necessary 
to develop a theoretical model in parallel to the experiment. In par-
ticular. the amplitude of the reflection coefficient i~ related to the 
aaterial properties of the specimen and a complete interpretation of the 
recorded data requires its evaluation from the theoretical model, In 
this paper we present a technique for the rapid evaluation of the reflec-
tion coefficient and study the variations in its characteristics due to 
the presence of material attenuation and bonding layers. 
FORMULATION OF THE GENERAL REFLECTION PROBLEM 
The geometry of the general reflection problem is shown in Figure 3 
together with a Cartesian coordinate system located on the top surface of 
the multilayered plate. overlaid by a semi infinite fluid. The 
bottom surface of the plate may be welded to a semi infinite solid or 
fluid or be free. All other interfaces (between the solids) are assumed 
to be "welded", A plane. time harmonic acoustic wave of frequency f is 
assumed to be incident on the plate at angle 9, The objective is to 
calculate R(9.f) for given material properties of the solid. 
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Figure 3. Schematic description of layered media 
with an angular insonfication 
Clearly, the calculations involve the solution of a boundary value 
problem of elastodynamics and the formulation of similar problems can be 
found in the standard literature [3]. If the bottom surface of the plate 
is welded to a semi infinite solid or if it is free, the so--called 
Thomson--Haskell matrix method has been used, after appropriate modifica--
tions to solve the reflection problem [4,5]. We present a brief descrip--
tion of a further modified version of the technique which is applicable 
in all three cases. 
Assuming that the incident ray is on the xz plane, the relevant 
displacement and stress components at any point in the medium are ux' uz ' 
azz and Txz ' with the stipulation that Txz = 0 in the fluids. Following 
the usual procedure [4,5] a four dimensional stress--displacement vector, 
{S(z)} defined through the equation, 
(3) 
where 
k = ko sinO, ko = w/vo ' W = 2wf, 
and Vo is the sound wave speed in the upper fluid. It can be shown that 
[4,5], at the upper fluid solid interface z = 0, 
{S(O)} = [U1' in (I--R) , --P W2(I+R), o]T (4) o 0 
where Ul is the relative tangential displacement (i.e., the sli~) at the 
interface, Po is the density of the fluid, and 
no = kocosO (5) 
In equation (4), Ul and R are, as yet, unknown quantities. 
If the bottom surface z = zN--l is welded to a semi infinite solid, 
then there are, in general, two transmitted "downgoing" waves in the 
substrate. Let Tp and Ts denote the (unknown) transmission coefficients 
of the P and S waves. Then, the displacement--stress vector at the inter--
face is, 
(6) 
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where 
UN ikTp - inSNTs ' W = inpNTp + ikTs 
u = ~_{(2k2- k2N)T -2kn NT } , T = ~N{-2kn NT -(2k2- 2k2N)T} (7) 
'N s P ssp p s s 
~ is the shear aodulus of the material, kpN' ksN are the P- and 
S-wave nuabers, and 
npN = / k!N - k2 nSN = / k!N - k2 (8) 
If the lower semi infinite substrate is a fluid, then there is only an 
"downgoing" longitudinal wave in it (Le., Ts = 0) and 
(9) 
where UN is the unknown slip at the interface, PN is the density of the 
fluid and the index 'p' has been dropped for convenience, Finally, if 
the bottom surface of the plate is free, then, 
(10) 
where UN-I and WN-I are the unknown displacement coaponents. 
Since the interfaces between the solid layers are "welded", all com-
ponents of (S(z)} are continuous in the domain 0 < Z < zN-I' An essen-
tial feature of the Thomson-Haskell procedure is that the values of 
(S(z)} at successive interfaces can be related through the use of Cauchy-
Naviers equations of elasticity in the form, 
m = I,2" .. N 
where [A(a)] is a 4 x 4 matrix whose elements depend on k and the 
material properties of. the ath layer in zm-I < Z < zm. Successive 
application of (11) leads to the equation 
(S(ZN)} = [J]{S(O)} 
where [J] is the (4 x 4) product matrix, 
[J] = [A(N-I)A(N-2) ... A(I)] 
The elements of [A] can be found in the standard literature [5]. 
(11) 
(12) 
(13) 
It can be seen from equations (4), (7), (9) and (10) that there are 
four unknown quantities in all three cases of the lower plate boundary. 
The system of four linear equations (12) can therefore be solved to 
determine these unknowns and in particular, the reflection coefficient, 
R. This will be done in the next section for two specific models. 
However, a number of general features of the solution should be noted. 
The above approach applies to both perfectly elastic and viscoelastic 
materials. For viscoelastic solids, it is convenient to define complex 
wavenumbers and shear modulus in the form [3] 
k = {I + i/(2Q )}w/v , p,s p,s p,s ~ = P v2/{I + i/(2Q )}2 s s' s (14) 
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where vp and Vs are the velocities of the P- and S-waves in the solid and 
Qp and Qs are their nondimensional dissipation measures. In general, all 
of these quantities are frequency dependent. A detailed consideration of 
their properties are not needed for the purpose of this work. We shall 
assume that Qp/vp=Qs/vs' so that the Poisson's ratio of the solid is real. 
Since in most practical applications, it will be necessary to perform 
a numerical evaluation of the matrix product given by (13), care must be 
taken to avoid the so-called "precision problem" inherent in the Thomson-
Haskell approach [6]. For the present class of problems, the most 
straightforward approach appears to be the submatrix or delta matrix 
manipulation of the product. The details of this can be found the in 
literature [e.g., 6,7] and will not be repeated here. 
The main objective of the present work is the calculation of R(9,f). 
As indicated in the introduction, for sufficiently large 9, the numerical 
values of IRI should exhibit sharp minima at specific frequencies. In 
the next section we consider two specific models of the solid and discuss 
the nature and location of these spectral "holes". 
NUMERICAL RESULTS 
The cases where the bottom of the plate is welded to a semi infinite 
substrate or is free of traction have been treated in [4,5]. For a 
fluid substrate, the solution (12) for R can be expressed in the form 
R D(w,k} + G(w,k} D(w,k) - H(w,k) (15) 
where 
D = K34 12 
(34 '24) G = i qK13 - q K12 + qq'K~: (16) 
H q' (17) 
and 
(18) 
It should be noted that 
D(w,k) = 0 (19) 
is the dispersion equation of the layered plate with top and bottom sur-
faces free of traction, where k is the wavenumber of the Rayleigh-Lamb 
waves. In a nondissipative plate there are a finite number of real roots 
at a fixed frequency. In the dissipative case the roots are, in general 
complex. 
For a nondissipative homogeneous plate, the expressions for the ele-
ment of [J] can be obtained in closed form [5] and for k < k2 they are 
all real. Furthermore, for this case, 
(21) 34 2 24 D(w,k) - 2iq K13 - q K13 
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If on the other hand. the bottom surface of the plate is free. then 
q' ~ 0 and 
D(w.k) + iq K34 
13 
D(w.k) - iq K34 13 
(22) 
The values of IR11 are plotted for an aluminum plate immersed in water 
under the assumption of perfect elastcity in Fig. 2b. where the trans-
ducer response has been approximately included. It can be seen that the 
holes in the spectra are indeed produced by the expression in (21) and 
that the calculated results are in good agreement with the data. In 
contrast. the expression (22) for the plate with bottom surface free 
implies that. 
i.e .• no spectral minima can be expected in this case. We have found 
that the inclusion of material dissipation. however small. changes the 
behavior of IR21 dramatically. An example of this is shown in Figure 4. 
where the same calculations were performed by assigning nominal constant 
values to Qp and Qs in the range 150-1500. It can be seen that as the 
values of these parameters decrease (i.e .• the material dissipation 
increases) the spectral minima become deeper. The asterisks in the 
figure indicate the frequencies at which the Lamb wave velocity in the 
nondissipative plate becomes equal to 4.38 mm/~sec. and are very close to 
the dips in the spectra. 
We now consider another example in which a layer of one solid 
(Titanium) is bonded to a semiinfinite solid substrate (Beryllium). The 
objective is to calculate the spectrum Qf the reflection coefficient of 
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Figure 4. Variation of spectral minima with attenuation -
they become deeper with decreasing Q values. 
or increasing material dissipation 
acoustic waves when this medium is overlaid by a fluid. In particular we 
wish to examine the influence of the presence of imperfect bonding at the 
interface on the spectrum. 
It can be shown that for incident angles of interest. the modulus of 
R given by equations (4). (7) and (12) is again unity in absence of any 
material dissipation in the solids. and that the spectral dips again 
appear at the appropriate frequencies (which correspond to Rayleigh wave 
velocities in this case) when dissipation is modeled. The results of 
this calculation are presented in Figure 5. under the assumption of 
nominal values of Qp and Qs in the materials involved. The top curve in 
Figure 5 is for perfect bonding at the interface and the bottom curve for 
complete debonding. The curve in the middle is for an assumed model of 
imperfect bonding where a thin layer with low shear modulus is added at 
the interface [8]. 
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Figure 5. Variation of reflection coefficient with bond degradation 
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CONCLUDING REMARKS 
We have shown that the inclusion of material dissipation in layered 
solids has a draaatic influence on the spectrum of the reflection coef-
ficient of acoustic waves from the solid. especially in the case that the 
solid is overlaid by the fluid on one of its surfaces. The theory pre-
sented here can be used to perform rapid and accurate calculation of the 
spectrum for very general types of layered solids and these calculations 
can be directly correlated with data from both experimental arrangements 
sketched in Figure 1. It will be of considerable interest to investigate 
if the features of the spectra depicted in Figures 4 and 5 can be 
detected in the laboratory. It is also of interest to include more 
realistic frequency dependent dissipation parameters in the materials. 
These studies are currently in progress. 
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